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Abstract. The diffusive contact process is an interacting particle system on the 4-dimensional
hypercubic lattice. Each site can be occupied by, at most, one particle and each particie can do
the following three things. (i) At rate 1 a particle will be annihilated. (ii) At rate A a particle
will give birth to a new particle at one of its 24 neighbour sites, if it is vacated. (iii) At rate D
a particle will hop to one of its 2d nei%hbour sites, if it is vacated, For each D > 0, there is a
critical value A% (D) so that for A < 3D all particles will be annihilated with probability 1
while for & > J\f,d) (D} particles will survive with a positive probability even in the limit ¢ — ©o0.
In the present paper the lower and upper bounds for Aéd)(D) are given (theorems 1.1 and 1.2)
and a lower bound for the density of particles is given in the case A > Af,’ﬂ (D) (theorem 2.2),
when the dimensionality 4 > 3. Rigorous results concluded from these theorems are shown,
The crossover phenomenon for large D is discussed for the three-dimensional case.

1. Introduction

In the present paper we study the interacting particle system which we call the diffusive
contact process (DCP). This is a combination of the basic contact process (BCP) of Harris
(1974) and the exclusion process with nearest-neighbour hopping (see, for example, Liggett
1985 ch VIIT). The DCP has two parameters A and D, by which the creation rate of the
contact process and the diffusion rate are determined, respectively. It is proved that the
process shows two different types of long-term behaviour depending on these parameters.
We will give some rigorous results on the phase diagram in the (A, D}-plane when the
spatial dimensionality & > 3.

At first we explain the BCP in order to infroduce the problem which we will consider in
this paper. The BCP & is a continuous-time Markov process defined on the d-dimensional
hypercubic lattice Z°. At each site x € Z¢, a variable &, (x) takes values 0 and 1, representing
a vacancy and a particle, respectively. Each particle can do two different things: (i) at rate 1
a particle will be annihilated; (ii) at rate 2dA a particle will create a new particle and will
choose one site at random from the 24 nearest-neighbour sites. If the chosen site is not
occupied by another particle, then the new particle is sent to the site. However, if it is
already occupied by a particle, then this creation process is suppressed. There is a critical
value A for d 3 1 so that for A < A@ all particles will be annihilated after a sufficiently
long time for any initial state (extinction of the process), however for & > M@ particles will
survive with a positive probability at any time for any non-empty initial state {survival of the
process), where the empty state means the one with all sites vacated. As a matter of course,
the critical value is determined by the balance between the creation rate and the annihilation
rate. The difficulty comes from the fact that the effective value of the creation rate depends
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on the surrounding particle configuration. If all the nearest-neighbour sites of a site x are
vacated, the rate at which a new particle is created and sent from x to some of its neighbours
is 2d. (a bare value). However, if some of the nearest-neighbour sites are occupied, then the
rate is reduced. For example, if # nearest-neighbours are occupied, then the total creation
rate is (24 — n)A. It should be remarked that the probability to find just n particles in the
nearest-neighbour sites of x depeads not only on the particle configuration at x but also on
the configuration at the sites which are the next-nearest-neighbours of x. In other words,
the effective value of the creation rate is usually less than 24X and the dependence on A
may be nonlinear. This is the reason why the exact value of A& is not yet known even for
d =1, The reviews of the BCP are given by Liggett (1985) and Durrett (1988, 1991a).

In this paper, we introduce a diffusion process into the BCP. In the DCP each particle
moves to one of its nearest-neighbour sites with rate D, if the chosen neighbour site is not
occupied by another particle. The problem is to find how the critical value depends on
the rate D, that is, to determine A¢(D). When D is so large, a new particle will diffuse
so quickly to infinity and the creation rate will remain at the bare value. Then, in the
limit D — oo, the critical value would be determined by the following simple balance:
2d) = 1, which implies limp_ e AP (D) = 1/(2d). How about the case D < oo? We
expect A¥) (D) to be a decreasing function of D, however, it is not trivial. For example,
consider the situation in which a new particle is created by a particle at x. This particle
will diffuse but cannot reach infinity within a finite time period, and it will remain at some
site, y. This will reduce the creation rate of particles at the neighbouring sites of y. The
monotonicity of A{’(D) as a function of D has not yet been proved.

This diffusive particle system was studied by mean-field-type approximations by Katori
and Konno (1992} and Matsuda er ai (1992). Matsuda ef al (1992} introduced the DCP as a
madel of population dynamics of interacting species of organisms, where the diffusion rate
D means the migration rate of each individual. Jensen and Dickman (1993) studied the
one-dimensional DCP in detail using the time-dependent perturbation theory and by Monte
Carlo simulations. References to the field-theoretical approach to the DCP are given in
Jensen and Dickman {1993).

By using the submodularity of the survival probability of the process, the present
author and Koano (1992) proved the following lower bound of the critical value A{/(D)
for any dimensions & 2 1. It should be remarked that we called the DCP the single
annihilation model (SAM} to emphasize the difference from the multi-particle annihilation
models (Dickman 1989, 1990, Katori and Konno 1993).

Theorem 1.1 (Katori and Konno 1992). Assume that d 2 1 and let
1+ @ —-1)D

(4} —
MDY = (2d — 1)(1+24D) " (1-1)
Then for any D = 0,
MDDy < 2Dy (1.2)

In the present paper we give the following upper bound when the dimensionality 4 > 3.

Theorem 1.2. Assume that d 2> 3 and let
1

4d(2 — G0, 0))[

+/(GD(0,0) — 4d D)2 + 16dD(2 — GD(0, 0)) ] (1.3)

2 py = (GD(0, 0) — 44 D)
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Figure 1. The numerical values of the lower and upper bounds of A.f,d)(D) given by theorems
1.1 and 1.2 are shown for 4 = 3. The exact values of Aé‘ﬂ(D) should be between these two
curves. It shouid be remarked that both bounds are decreasing in D and have the same asymptate
A =1/24 in the limit D — oo,

where G@(x, y) is the Green function for the simple random walk on Z#. Then for any
D3>0

29Dy g MP(D). (14}

This upper bound (1.3) is an extension for the diffusive case (D > 0) of the bound of
Griffeath (1983) for the BCP (D = 0): AY) = 2@(0) < G (0,0)/2d(2 — G0, 0))
for & > 3. Figure 1 shows the numerical values of the bounds for d = 3, where
G®(0,0) = 4v/6/n? x D(H)T(Z)N(F)T (%) =~ 15163860591 (see, for example,
Itzykson and Drouffe 1989, p 21).

As shown by figure 1 both bounds are decreasing in D and have the same asymptote
A = 1/2d in the limit D — oo. This fact proves the above-mentioned expectation,
limpeo AP(D) = 1/2d. Since the value 1/2d is given by a simple mean-field-type
approximation, we often call it the mean-field value. Moreover, we can conclude from the
ahove theorems that the correction of 1{’(D) to the mean-field value 1/24 is proportional
to D~ when D> 1,if 4 > 3.

Corollary 1.3. If 4 > 3, then
I
MUD) = o= = DT +ODT)  for D» 1 (1.5)
where

1 1
— < c¥Wg G -1). .
Garer—T <9 < g0 -1) (1.6)

Recently Konno (1994, 1995) studied the asymptotic behaviour of the DCP for large D.
He developed the comparison method which was used by Bramson et al (1989) for another
modified process of the BCP. Although the proof is rather lengthy, this method is powerful
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for any dimensions 4 > 1. He proved that A1 (D) — 1/2d =~ constant x g,(D) for large
D with ¢1{D) = D712, (D) = |log D|/D and ¢z(D) = D! for d > 3. Since the
local central limit theorem is used, the upper bound of A%’(D) can only be obtained for
sufficiently large D by this method. On the other hand, theorem 1.2 gives the upper bound
for any I 2 0 and the asymptotic behaviour (1.5) is derived as a corollary. The numerical
estimation (1.6) for the coefficient ¢@ is a new result (for example, 0.005 < ¢® < 0.015
ford =3).

By using the result of the 1/d expansion of G® (0, 0) (see, for example, Itzykson and
Drouffe 1989, p 14), we can obtain another coroliary of theorems 1.1 and 1.2 for large 4.

Corollary 1.4. (i} If D =0, then

) _ Ct 1
Ag(0) = + ) + 0((2(1)3) amn
with
1€ 2. (1.8)
(i) If D > 0, then
) 1 1 1 () 1
WD) =52+ 5 e O\ G (19)

with
-1 60 -1
b7 SOS opr

(1.10)

Since (1.9) lacks the 1/(2d)? term, this corollary implies that the critical value A{(D)
approaches the mean-field value 1/24 as 4 — oo more quickly when D > 0 than it does
when D =0,

The paper is organized as follows. In section 2 the proof of theorem 1.2 is given. There
we will derive a lower bound for the density of particles pDCP(A D) for the survival phase,
A > AD(D), in theorem 2.2. Some remarks on the critical phenomena associated with

pDCP(l D) are given in section 3 based on theorems 1.1, 1.2 and 2.2.

2. Binary contact path process with exchange

2.1. Griffeath’s argument

Griffeath (1983} introduced an interacting particle system called the binary contact path
process (BCPP) and using it obtained the upper bound of the critical value and the lower
bound of the density of particles in the sarvival phase for the ECP when the dimensionality
d 2 3. In order to obtain the same kind of bounds for the diffusive case, DCP, we will
study the BCPP with exchange and will follow his argument. Here we give a brief review
of Griffeath’s argument.

At first we give a precise definition of the critical value A& for the BCP. Let v, be
the stationary distribution of the BCP & starting from the state with all sites occupied;
E(x) = 1,Yx € Z¢, We will represent such a state by 8; as an abbreviation. Consider the
density of particles in this stationary distribution

PBcp(l) =ul:Ex)=1} (2.1
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Wthh is independent of x € Z?, since v, is translation invariant. Tt is easy to prove that
pE3.(1) is non-decreasing in A and we can define AL by

AP =inf{A 2 0: pi(h) > 0] (2.2)
It is proved that any process becomes extinct with probability 1 if A < A, while if
A > A9 all processes starting from non-empty states have a positive probabﬂity of survival
(see nggett 1985 ch VI, Durrett 1991a). By definition (2.2), a positive lower bound for
pB‘f:)P(Jn.) gives an upper bound for A%,

The BCPP #; is an interacting part:cle system on Z? where more than one particle
can exist on one site at the same time; f,(x) € {0,1,2,...). Let {N.(#),x € Z¢} be
independent rate 1 Poisson processes. At every event time ¢ of N, () for each site x € Z¢,
the configuration #- is replaced by the following stochastic rules. At rate (I + 24A)~',
fie-(x) is replaced by 0, and for each of 24 neighbours y of x, #,-(y) is replaced by
fi-(y) + fip-(x) at rate A(1 + 24A)~1. (Otherwise #(z) = #-(z).) If we consider the
projection ¢; given by
1 if fx)>0
0 if #{xy=0
then ¢, is the BCP except for a deterministic time change. Therefore if we consider ¢, starting

from the state 8, and let p,,,g be the density of particles in the stationary distribution of this
projected process &, then we have

P () = PN (2.4)

We write the expectation value for the process starting from §; as E'[']. It is easy to find
that (see appendix A for detail) for any x € Z¢

&(x) = (2.3)

E'[fi(x)] = (2.5)
with
2dx —1
T Tt2dn @0
Therefore if we define the process 1, by
e (x) = e 1 (x) 27D
then
E'[g(x)) =1 Yt > 0. (2.8)

This process #; is called the normalized BCPP (NBCPP for short).
Since the NBCPP is a2 Markov process with (2.8), the martingale convergence theorem
(see appendix B.1} can be applied and we have the foliowing statement. If

E'[n)?)] <™ <0 120 “xe2? (2.9)
then there exists a random variable 7., € [0, c0) such that 5,(x) converges t0 1y almost
surely:

e {x) = o as a t— 00, (2.10)

By definitions (2.7) and (2.3), if we assume that A > 1/24 and the initial states of the
processes 1, fi; and £, are all in §,, then 5,(x) > 0 = H{x) > 0 = L{x) = 1 for each
¢ 2 0. Therefore, if we define

PlsldéCPP(A) = P > 0) (2.1D)
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then we have by (2.4)

ngp(l) pNBCPP(A)' (2.12)
On the other hand, the Cauchy—Schwarz inequality gives (see appendix B.2)
) (Elne])*
Z oy 2.13
Prpepp(h) 2 El] (2.13)
Under conditions (2.8)—(2.10), it follows that (see appendix B.1)
Enee] = 1 (2.14)
and
E[n%] < liminf E'[n:(x)"] < M. 2.15)

Therefore if (2.9) holds for some A, then we obtain a positive lower bound for p{p(A),

P22 = >0 (2.16)

1
M
which implies A > A,

2.2. NBCPPE P

We consider the binary contact path process with exchange (BCPPE for short) 72, where
fiP(x)e{0,1,2,.. ) foreach x € Z4. Let {N.(), x € Z°) be independent rate 1 Poisson
processes. At every event time ¢ of N, (-} for each site x € Z%, fi2 is replaced by following:
(i) at rate (1+2dr+ 2zi’D)“1 ﬁ,- {x) is replaced by 0; (ii) for each of 24 neighbours y
of x, #2(y) is replaced by 42 (») + A2 (x) at rate A(1 4+ 2dA + 24 D)"Y, (iti) and for
each of 24 neighbours y of x, r?,?(x} and 12 D(y) are exchanged by each other at rate
D(1 4 2dx + 24 D)~". Otherwise #7(z) = #2(z). It is easy to see that

El[ﬁf’(x)] = e 2.IN
with
Next we define the process n? by

P x) = e 2 (x) (2.19)
and call 7 the normalized BCPPE (NBCPPE for short). Then

El[nP)] =1 YxeZ? Y130, (2.20)

As explained in appendix A, the NBCPPE 52 is one of the class of interacting particle
systems called the linear systems (see Liggett 1985, ch IX). One of the reason why such
systems are called the linear systems is that the time evolution of the second moments

[ (x)n (0)] starting from the translational invariant initial distribution u is determined
only by the second moments. That is, we can derive the foliowing equation for the NBCPPE
7P starting from the state &; (see appendix A for detail):

-E PP @] = a6, NE [nP )nP ©)]. @2.21)
¥

Here g(x, y} is given by the following.
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When [x — y| = |

[ (@A+4D)/(1 + 247 + 24 D) if x%0 and y£0
95 =1 23 /(1 + 2d2 + 24 D) if x=0 or y=0. (222)
When [x — y| > 1

2D/(1 + 2dh + 24D f xj=1 and y=-—

9(x,y) = { 0 s ’ ) :Jtherl‘:&cfi]se " ’ : (2.23)
And when x # 0

[ —{4dA +2(4d — 1)D}/(1 + 2dA + 24 D) it =1
q(x,x) = I —(4d + 8dD)/(1 + 2dA + 24 D) it x> 1 (2.24)
and

g(0,0) = 1 — (4d) -+ 2dD)/(1 + 2d3. + 24 D). (2.25)

Such linearity does not hold in usual interacting particle systems. In the corresponding
equation to (2.21) of the DCP the third moments appear in the right-hand side. The fourth
moments appear in the equations for the third moments and so on.

2.3. Upper bound for the second moment

For the linear systems whose second moments evolve following (2.21), the following useful
theorem is given in the textbook of Liggett (1985, theorem 3.12 on p 445).

Theorem 2.1. Suppose that there is a strictly positive function #(x} on Z¢ such that

Jlim h(x) =1 (2.26)
and
S h() =0  YxeZd, 2.27)
Y
Then
E'lnP(x)* s M (2.28)
for any x € Z¢ with
R
Ao (2.29)

Proof. Consider the function f(z, x) for t € [0, c0) and x € Z¢, which is a solution of the
equation

d
3/ =2 a0 6 2.30)
¥

with the initial condition f(0, x). We define ¢;(x, y) such that
FE.0 =) ax »FO.). (2.31)
¥

By using ¢;(x, y) the solution of (2.21) is given by
EnPx)nP @] = > a(x, ) , 2.32)
y
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since £'[nP( y)n{‘? (0)] = 1 for any y € Z%. Let x = 0, then (2.32) gives
TnP )] = Zq:(o ». 2.33)

On the other hand, deﬁne h;(x) by the solution of (2.30) with the injtial condition
FQO,x) = h(x):

he(x) =) gilx, Nh(). (2.34)
b4
Under the condition (2.27)

d
=0 = 3 9(x, 2 (lsmo
y

=3 q(x, Nh(y) =0. (2.35)
y
In the same way we can show that
:—nh:(x)lz =0 = nx1 (2.36)
which implies s, (x) = 2(x) for any ¢ 2> 0. Therefore (2.34) gives
doae N =h)  TxeZ 130, @.37)
¥
Let x = 0 in this equation, we have
AO) =D q @, )h() > D a0,y) x infac). (2.38)
¥ y
Therefore if A(x) is strictly positive,
A(0)
220 < s (2.39)

Y
The inequality (2.28) with (2.29) follows (2.33) and (2.39) for any x € Z¢, since E'[n?(x)?]
is independent of x & Z¢ by the translation invariance of the mechanics of the process and
the initial state §,. [}

Now we try to find the function £(x} which satisfies the conditions of theorem 2.1.
Because g(x, ) are given by (2.22)~(2.25) for the NBCPPE, (2.27) becomes

{ (1 + 2d1)h(0) /42 if x=0
h(x)— 54 Z R(y) = { D{h(x) — 2k(0) + h(—x)}/(2d)\ + 4d D) if |x|=1
yily-xl=1 0 if [x|>1.
(2.40)

We assume that 4 > 3 and let G*(x, y) be the Green function for the simple random walk
on Z¢ which satisfies the following equations:

6Dz, ) - o= PR AL RO (2.41)
¥ily—xi=t
GDx,y) =G (y, x) (2.42)

and
lim G¥(z,x)=0 . for any z with |z] < o0 (2.43)
X =00
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where 8, v =l ifx =yand &, =0if x # y.
By condition (2.26} we assume that the solution of {2.40) is given in the form
h(x)=14aG9D0,x)+b Y. D, x) (2.44)
w|ul=t

with some real g and 4. Substituting (2.44) for A4(x) in (2.40) and using (2.41) and (2.42),
we obtain

1+2dx
- 1 @ (d)
a=— ‘ +aG (0,0)+bl§10 (0,u)]
B 1+2D/A (245
T 4dM{1 4 (2dA — 1)D/2d)2) /(1 + 2dA) — G (0, 0) 45)
and
N (2.46
dF2D) 46)
If we put x = 0 in (2.41) and use (2.42), we have
3 GD(y,2) =2d(G(0,2) — 8,0) - 247
lyl=1
Therefore (2.44) with (2.45) and (2.46} are rewritten as
1+2D/x
h =
&) =1+ T Gdr = DD 22 /(1 + 2d7) — G910, 0)
1 4
x5 (H6 0, %) + 2Db 0} (2.48)
If
ddx 245 — 1
)
l—i—ZdA{ S0 D] G90,0) > 0 (2.49)

then the function A(x) given by (2.48) is strictly positive and satisfies all the conditions of
theorem 2.1.

Since G*9(0, x) is decreasing in (x|, inf, 2(y) = Himy_.ec £(y) = 1 by (2.43). Therefore
when d 2 3 and (2.49) is satisfied, theorem 2.1 gives us the following upper bound of the
second moment for the NBCPPE.

E'[nP)* s M (2.50)
for any x € Z¢ with
4dA (L +2D)
202472 + (2dh — DD} — (1 + 2a0GD,0) ~

M = h(0) = (2.51)
2.4, Proof of theorem 1.2

Let £° be the DCP introduced in section 1. As in subsection 2.1, we define v, p by the
stationary distribution of the DCP &P starting from the state §; and define

pede(r, D) = vy plE 1 £(x) = 1} (2.52)

for A > 0, D > 0. As for the BCP we can define the critical value A{)(D) for each D > 0
by

MDY =inf{r 2 0: oS3, D) > O}, (2.53)
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We can prove that for each D 2 0 the DCP starting from any initial state becomes extinct
with probability 1 if A < JL““(D) but if A > A (D) any DCP starting from non-empty
initia] state has a positive probability of survival forever.

Following Griffeath’s argument explained in subsection 2.1, the resulis obtained in
subsection 2.3 gives the following theorem.

Theorem 2.2. Assume that d > 3. If & > A%7(D), where A&(D) is given by (1.3), then
the condition (2.4%) is satisfied and

P, DY 2 o0, D) > 0 (2.54)
with
1
(d)
WMD)y =— - ,
(. D) = 5 (2.55)

where M is given by (2.51).
By the definition (2.53) this implies A@/(D) < A4 (D).

3. Commenis on the critical phenomena for large D

In this section we will give some comments on the critical phenomena of the bcPind > 3
when the diffusion rate D is large. At first we consider the limit D — co. We find that

2dh — 1 A2d) + IGO0, -1 1 1
) — _ — 1+ 0 —
pm p 4, D)= lim = [1 2Qdn 1) D D2

_ 1243 -1
T2 2da
On the other hand, it is easy to obtain the following upper bound for pg'c)P(JL, Dy by
comparing the DCP with the appropriate binary branching process:

(3.1)

ppcplr, D) £ S i 3.2)
for ). 2 1/24 and D 2 0. Therefore we conclude that
£d)
A, D
L im Lot D) (3.3)

2 T Do (2dA — 1)/2d)

forall A > 1/24.
As usual we expect that the critical exponent 8 is defined for the DCP as well as for the
BCP by

Pfadc)p(l, D} ~ constant x (}L - lid)(D))'e 5

as » approaches the critical value A1 (D) from the above. Generally speaking, 8 would be
a function of the diffusion rate D as well as of the dimensicnality 4,

g = B(d, D). (3.5)

The resuit (3.3) implies that limp_ p[(%,(l, D) = constant x (242 — 1)/2dX and thus
limp e B(d, DY = 1 (the mean-field value) for d > 3. This statement is not new. As a
matter of fact, the following statement was proved, whlch xs stronger than (3.3) (Durrett
and Neuhauser 1994, Konno 1994). If A 2 1/24, then pDCP(JL D) = (2dx = 1)/2d) as
D — ooforanyd 2 1.
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Figure 2. A schematic picture of pédép(}u, D) near the critical value A.((;J) (D) for large D, when
d = 3. (a) In the region (3.7) with small values of C, p[;icp (A, D) is zero. (b) In the intermediate
region, very near (o A(d) (D}, the critical phenomena which belong to the same umversahty class
as the BCp should be observed, {¢} In the region (3.7) with large values of C, pDCP(JL D) seems
to behave as constant x (). — 1/2d). There would be thus the crossover from the BCp-type (&)
to the mean-fisld-type (c).

Next we consider the case when D 3> 1 but D < 0o. Theorem 2.2 and (3.1) gives that
there is a constant @ {1 < @ < oa} such that

2d) — 1 1 A2dA+ D(GD0,00-1) 1
{d) I —
Poce(®, DY 2 = [1 (2 +o 42dr — 1) D (3.6)
for large D when 4 2z 3. Here if we put
1 c
A= 1 & 3.7
) (3.7
with some positive constant C, then we have
1
P& D) > (1 ‘*(‘”(C))W (3.8)

for large D, where
Gf(G“’)(O 0-11
2(2d)? Cc
with a constant &', Unfonunately 8@ (C) does not approach 0 as C — o0 in our estimation
(3.8). However, (3.9) gives that 1 — §(C) > 0 for sufficiently large C. Therefore, (3.8)
suggests that if we observe pgg,,(}u., D) at the values A given by (3.7) with sufficiently large
values of C for large D, it seems to behave as constant x (2dA~1)/2d: the mean—ﬁeld—type
behaviour. On the other hand, corollary 1.3 implies that if we put C < {(2d)*(2d — 1}}~!
in (3.7}, then p,gdél,(k D) — 0 as D — co. For the intermediate values of C, the critical
phenomena governed by the critical point A (D) would be observed.

As discussed by Jenser and Dickman (1993), it is expected that the diffusion rate D
would be irrelevant for the critical phenomena: g(d, D) = B(d,0) for D < oo. The upper
critical dimension 4, would be 4 for the DCP as well as for the BCP. Our theorem suggests
that at least when d = 3, we will observe the crossover from the critical phenomena of the
BCP-type (B ~ 0.813, Jensen 1992) to those of the mean-field-type (8 = 1) for large D.
Figure 2 illustrates the situation.

3C) = (3.9)
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The crossover to the mean-field-type critical phenomena in some limit was first discussed
rigorously for interacting particle systems by Bramson e al (1989). They studied another
modified process of the BCP which can be viewed as a model of the growth of crabgrass.
Recently, Konno (1994, 1995) applied their method to the DCP with large D and gave the
lower bound of p]gdgp(l, D) in the form (3.8) for any dimensions d > 1 with §)(C) such
that §?{C) — 0 as C — oc. His theorem suggests that the above discussed crossover will
be observed in any dimensions less than d,.
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Appendix A, The linear systems

The linear system with values [0, 00)Z’ are discussed in detail in the textbook of Liggett
(1985, ch IX). Here we show some of the resulis given there which are used in section 2
for readers’ convenience.

The linear systems 3 on Z? will be defined by using a deterministic collection of
numbers a(x, y) for x, y € Z% and a collection of non-negative random variables A, (u, v)
with #, v € Z9 for each x € Z%. Let {N.(t),x € Z9} be independent rate one Poisson
processes. At the {th event time ¢ of N (), the configuration - is replaced by

nl) = AL, 0)p-(v) (A1)

where {AL(u,v),u,v € 2} are the replicas which have the same joint distribution as
{A-(u,v),u,v € Z% foreach x € Z9 and { = 1,2,3,.... Between event times of the
Poisson processes, ), evolves according to the following linear differential equations:

d
Ty = Zuja(u, Vi (v). (A2)

The linear system y; defined above is a Markov process and we write the expectation of
a function f{y;) of the configuration y; starting from the initial distribution u by E4[f(1:)].
It is shown that the equation of motion for the expectation is given by the following:

d
EE"“[f(%)] = E*[Qf (n)] (A3)

where £ is given by

QF () = Y _(E[f (A} = O+ ) fuly)alu, vy (o) (A4)

and called the forma] generator of the process, where

(Ay)(u) =Y Aclu, v)y(v) (A5)

and fi(y) = 8f (y)/dy(u). Here E[.] denotes the expectation with respect to the random
variables {A,(u, v}}.

Putting f(34) = 3:(x) and f(%) = w(x)%(0) in (A.3) gives the following equations of
motion for the first and the second moments.
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Theorem A.1. (Theorem 1.27 on p 431 and theorem 3.1 on p 442 of Liggett 1985). Assume
that the initial distribution g is translation invariant. Then

d
3 B In 001 = 3 stx, )EX IR ()] (A6)
~
with
E[ZAu(x,y)] if x#y
s(x,y) =alx, y) + ! (AT)
E[Z{Au(x,x)—l}} if x=y
and
d
5 B n)n(0)] = ?“"’ YE*Iy(»)7: (0)] (A8)
with
g,y =alx, ) +ay. x)+ Y ElAQ WA x,u+y)]  for x#y (A9)
and with ‘

g(x,x) =2alx, x)+ Z { Z E[A 0, w)A{x,u +x)] — 1} . (A.10)

The binary contact path process with exchange (BCPPE) 72 is the linear system in which
a(x,y) =0 for all x, y € Z¢, and for each x € Z¢,

1 if u=v#x
Ay, v) = . * (A.11)
0 otherwise
with probability (1 + 24X +2d D)™, and for each of the 24 neighbours y of x
1 if w=v, oif u= and v=x
Axlu, v) = { 0 otherwise ! (A12)
with probability A/(1 + 2dA + 24D} and
A, v) = 1 ifusx,vex,u=v orif (u,v)=(x,y), orif (u,v) =(y,x)
LU= g otherwise
(A.13)
with probability D/(1 + 2dA + 2d D).
The normalized BCPPE (NBCPPE) n is the one which is modified by setting
| (1 =2d30) /(1 +2d)x 424 D) if x=y
alx,y}= { 0 otherwise . (A.14)

Following theorem A.1 we can obtain (2.17} with (2.18), {2.20) and (2.21)-(2.25). The
processes %, and 7, in subsection 2.1 are the special cases for D = 0 of the processes 42
and 5?2, respectively.

Appendix B. Some probability theorems

In this appendix we will list the fundamental theorems of the probability theory which we
use in the subsection 2.1. For proofs and more detail, see Grimmett and Stirzaker (1992)
or Durrett (1991b), for example.
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B.l. Martingale convergence theorem

As explained in appendix A, the NBCPP #, is given by (A.11)-(A.14) with D = 0, Since
Zy 5(x, y) = 0 by (A.7) for this process, we have

d
H;E“Em(x)] =0 (B.I)

if the initial distribution g is translation invariant. Here we define F; by F; = the collection
of all events which happened before the time 5. Then by the Markov property of the process
and by (B.1), we can conclude that

E* [ () F] = ns(x) for s <t s,1€(0,00) (B.2)

if w is translation invariant, where E#[-].F;] denotes the conditional expectation given F.
That is, the expectation of 1, (x) is determined to be a constant, although 7, (x) is a random
variable. Such a process is said to be a martingale.

For a random series {S,}, the following convergence theor.em is known.

Theorem B.1. If {§,} is a martingale with E [3:2:] < oo for all n, then there exists a random
variable § such that S, converges to § almost surely.

It can be proved that such a martingale with finite second moments has an additional
property called the uniform integrability and that the expectation also converges as

E[S,] — EI[8] as 1 — 0. (B.3)
Applying above theorems, we obtain (2.10) and {2.14} under the condition (2.9) for the
NBCPP. In order to prove (2.15) we use Fatou’s lemma.

Lemma B.I (Fatou’s lemma). If {X,} is a sequence of random variables such that X, > 0,
then

Elliminf X,] < liminf E[X,]. (B.4)
n—»00Q n= o0

Since liminf;, o 7 (x}? = 0%, by (2.10), E[#3,] € limin oo E][m(x)z] £ M, where we
have used (2.9).

B.2. Cauchy-Schwarz inequality

It is easy to prove the following inequality called the Cauchy-Schwarz inequality for random
variables X and Y,

(LIXY]Y < E[X?]E[Y?]. (B.5)

We put X = 1y and ¥ = 1y, -0;. Here 1,4 denotes the indicator function of A, which
gives 1 if A occurs and gives 0 otherwise. Then E[XY] = E[foo]l|p.»0] = Elnee] since

Moo 2 0. And we observe that E[Y?) = E[1 o] = P(o > 0) = pBepp(A) by definition
2.11. Therefore (B.5) gives (2.13).
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